Abstract 



In this paper we present new formulas, which represent commu- 
tators and anticommutators of Clifford algebra elements as sums of 
elements of different ranks. Using these formulas we consider subalge- 
bras of Lie algebras of pseudounitary groups. Our main techniques are 
Clifford algebras. We have find 12 types of subalgebras of Lie algebras 
of pseudounitary groups. 
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In this paper we revise and further develop some results of [4]. Namely, 
we make more precise the formulas for commutators and anticommutators of 
Clifford algebra elements of fixed ranks (Theorem 1 and 2). 

We investigate Lie algebras of pseudounitary groups using the techniques 
of Clifford algebra. We present 12 types of subalgebras of Lie algebras of 
pseudounitary groups (Theorem 3). 

1 Formulas for commutators and anticommu- 
tators of Clifford algebra elements 

Let p, q be nonnegative integer numbers and p + q = n > 1. Consider the 
complex Clifford algebra Ci{p,q) [4j. Let e be the identity element and let 
e"- , a = 1, . . . ,n he generators of the Clifford algebra Ci{p, q), 

where r] = \\'r]°'^\ \ is the diagonal matrix with p pieces of +1 and q pieces of 
— 1 on the diagonal. Elements 

gai...afc ^ gai _ _ g^fc ^ tti < . . . < ttfc, = 1, . . . , n, 

together with the identity element e, form a basis of the Clifford algebra. 
The number of basis elements is equal to 2". We denote by C£k{p,q) the 
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vector spaces that span over the basis elements e°^^^^^°'''. Elements of Cik{p,q) 
are said to be elements of rank k. 

The construction of Clifford algebra C£{p,q) is discussed in details in [4j. 
The following theorem makes more precise the statement of Theorem 7 of 

a- 

k I T 

Theorem 1. Let U,V,W be Clifford algebra elements of ranks kj, and r 
respectively. Then, for all integer nonnegative numbers n > k > I > 0, the 
following formulas are valid. 

l)lfn>k + l, then for / ^ 



k I 

[u,v] 



k-l+2 k~l+6 k+l-2 

w + w +...+ w , 

k-l k-l+4 k+l~2 

w + w +...+ w , 

k-l+2 k~l+6 k+l 

W + W +...+ W, 



I - even; 

k - even, / - odd; 
k, I - odd 



(1) 



and 



2) li k + I > n, then for A; 7^ n 



k 

[u,v] = o. 



(2) 



k I 

[u,v] 



and 



( k-l k-l+i 2n-k-l 

w+ w +...+ w , 



k-l k-l+4: 2n-k-l-2 

w+ w +...+ w , 



k-l+2 k-l+6 

w + w 



k-l+2 k-l+6 

w + w 



n I 

[u,v] 



n—l 



2n-k-l 

+ w , 



n - even, k - even, / - odd; 

n - odd, k - even, / - odd; 

n - even, k - odd or 

n - odd, k - even, / - even; 



_^ 2n-fe-«-2 n - odd, k - odd or 



n - even, k - even, / - even 



n - even, I - even or 
n - odd; 



W , n - even, / - odd. 



(3) 



(4) 
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Proof. Note that any Clifford algebra element is a linear combination of 
basis elements. Let's prove our theorem for basis elements of the Clifford 
algebra. 

Let us take 

e-^-->'e''-'^ eak+i-2sip,q), (5) 

where s is the number of coincident indices in ordered multi-indices ai . . . 
and bi . . . bi. Here CXk+i-2siP, q) can be considered as vector space that spans 
over the elements e"i - "'=+'-2^ Since e^e'' + 6^*6" = 2r7"^e, it follows that 



^gai...afe^gbl...6,| 



Finally, we obtain 



k+l-2s 

ai...ofc pbi...bi] — } W , if kl — s is odd, 
0, if kl — s is even. 



For n > k + I we have < s < /. And fovk + l>n number s takes values 
from k + I — n to /. Considering all possible values of s and taking into 
account evenness of kl — s, we complete the proof of Theorem 1. • 

k I r 

Theorem 2. Let U, V-, W be Clifford algebra elements of the ranks k, I, and 
r respectively. Then, for all integer nonnegative numbers n > k > I > 0, the 
following formulas are valid. 

l)lfn>k + l, then for Z 

k-l k-l+A k+l 

W + W +...+ W, I - even; 

r/L ^^^1 J k-l+2 k-l+6 k+l 

|C/, V/| = "^ + + . . - even, /- odd; 

k-l k-l+4 k+l-2 

W + W +...+ W , k,l- odd 



and 



fc k 

{u,v} =w . 
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2) li k + I > n, then for ^ 7^ n 



k I 

{u,v} 



and 



k-l+2 k-l+6 2n-k-l 

w + w +...+ w , 



k-l+2 k-l+6 2n-k-l-2 

W + w +...+ W , 



k-l k-l+4 

w + w + 



k-l k-l+4 

w+ w + 



n I 

{u,v} 



2n-k-l 

+ w , 



2n-k-l-2 

.+ w , 



n - 


odd, 


k - 


even, / - 


odd; 


n - 


even 


k 


- even, / 


- odd; 


n - 


odd, 


k - 


odd or 




n - 


even 


k 


- even, / 


- even 


n - 


even 


k 


- odd or 




n - 


odd. 


k - 


even, / - 


even 



0, n - even, / - odd; 



n - odd or 

n - even, I - even. 



Proof. The proof is analogous to the proof of Theorem 1. • 

Let's write down some special cases of formulas for commutators and 
anticommutators of Clifford algebra elements from Theorem 1 and Theorem 
2. 

If ranks of two Clifford algebra elements are equal (k=l), then 



r 2 6 

W + W + ^ 

2 6 



k k 

[u,v] 
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2 6 

W + W + 



[ 0, 



2k 

+ W, 
2k-2 



W + W + ...+ w, 



2n-2k 



W + W + ■■■+ w , 



2n-2k-2 

+ w , 



k - odd and n > 2k; 

k - even and n > 2k; 

2k > n and n,k are of different evenness; 

2k > n and n,k are of same evenness; 
k — n 01 k — 0. 



k k 

{U, V} 



< 



4 

w + w + 

4 

W + W + 

4 

W + W + 

4 

W + W + 

I 0, 



2fc-2 

.+ w , 

2k 

.+ w, 

2n-2k-2 

■ + w , 

2n-2fc 

.+ w , 



k - odd and n > 2k; 

k - even and n > 2k; 

2k > n and n,k are of different evenness; 

2k > n and n,k are of same evenness; 
k — n or k — 0. 



5 



If one rank is fixed, then 



a 1 

[u,v] 



a 2 

[u,v] 



a-1 

W , a - even; 

a+l 

W , a - odd, a^n\ 

0, a - odd, a — n. 

a 

W, tty^n; 

0, a — n. 

' a-3 a+l a - even, 



W ^W; 



a— 3 



a < n — 2; 

a - even, 
a — n — l,n; 



a-i a+3 a - odd 

w + w 



a-1 

W, 



0, 



a < n — 3; 

a - odd, 

a = n — 2, n — 1; 

a - odd, 
a — n. 



a-2 a+2 

W + W, a<n-3; 



a-2 

w, 



[ 0, 



a = n — 2, 
n — 1; 

a — n. 



a 1 



a 2 

{u,v} 



a 3 

{u,v} 



a 4 



a-1 

W , a - odd; 

a+l 

VF, a - even, a^n\ 
0, a - even, a — n. 

a-2 a+2 

W + W , a n,n - 1; 

a-2 

W , a — n,n — 1. 

»-3 a+l a - odd, 

a < n — 2; 



a— 3 



a - odd, 

a = n — l,n; 



a-1 a+3 a - even, 



a-1 

w, 



0, 



a - even, 

a — n — 2, n — 1; 

a - even, a — n. 



a—i a a+4 

W + W a<n-4; 



a— 4 a 

w + 



a-i 



a — n — 3, 
n-2; 

a — n — l,n. 
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For elements of small ranks we have 

2 



4 2 



4 3 



4 4 



n > 2; 
0, n=l. 



2 1 1 



2 2 
[t/,y] 



3 1 



3 2 



3 3 



4 1 3 
[[/, V] . 



W, n>3; 




0, n = 2. 




rf^, n>4; 




0, n = 3. 




W^, n>4; 




0, n = 3. 




2 6 


>6; 


W^, n 


= 4,5; 


0, n 


= 3. 



W, n>5; 
0, n = 4. 



li' + W^, n>6; 

ly, n = 4,5. 

W + W, n>7- 

2 

14^, n = 5,6; 

0, n = 4. 
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{c/,y} . 



2 1 
{t/,y} = 



2 2 



3 2 



3 3 

{u,v} 



4 1 



4 2 



4 3 

{u,v} 



4 4 



ly, n>2; 
0, n = 2. 

W^ + W^, n^2,3; 





W, 



n= 2,3. 



+ n^3,4; 



W, 



n = 3,4. 



if + W^, n>5; 
W^, n = 3,4. 



W, n>5; 
0, n = 4. 

W + W, n^4,5; 
ly, n = 4,5. 

if + ^, n > 7; 

3 

H^, n = 5,6; 

0, n = 4. 

4 8 

M^ + IF + W^, n>8; 

ly + W^, n = 6,7; 

0, n = 4,5. 



7 



For elements of ranks that are closed to n we have 



[[/,y] = o. 

n n-1 



n n—2 

[U, V] 

n— 1 n— 1 

[u,v] 



n—l n—2 

[u,v] 



n-2 n-2 

[u,v] 



0, n - odd; 

1 

W, n - even. 



2 

w, 


n 


7^1; 


0, 


n 


= 1. 


w, 


n 


- odd; 


3 

w, 


n 


- even, n^2\ 


0, 


n 


= 2. 


2 


n 


>3; 


0, 


n 


= 2. 



n n 




=W 


n n—l 

{U, V} 




n n—2 

{U, V} 


2 


n—l n—l 

{u,v} 






0, n - even; 



W, n - odd. 



n—l n—2 



n-2 n-2 
{t/, y} 



W, n - even; 

3 

W, n - odd;. 

PF + iy, n>4; 
W, n = 2,3. 



If rank of the second element is small and the rank of the first element is 
closed to n, then 



n 1 

[u,v] 



n-1 1 

[u,v] 



n-2 1 

[u,v] 



n-1 

W , n - even; 
0, n - odd. 

n 

W, n - even; 

n-2 

W , n - odd. 

n— 3 

W , n - even; 

n-1 

W , n - odd. 



n 2 

[U,V]^0. 

n-1 2 n-1 

[u ,v] = w 

n-2 2 n-2 
[U ,V] . 



n 1 

{u,v} 



n-1 1 

{u,v} 



n-2 1 

{u,v} 



n-1 2 _ 



0, n - even; 

n—l 

W , n - odd. 

n-2 

W , n - even; 

n 

W, n - odd. 

n-1 

W , n - even; 

n— 3 

W , n - odd. 



n-2 



n 2 .. _ 

{U,V}^W 



n—3 



{u ,v}=w 

n—2 2 n— 4 n 

{u ,v} + w 



1. 



The following tables illustrate formulas for commutators from Theorem 
For the dimensions n — 1, 2, ... 10 of Clifford algebra we have 
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n=l 


1 


1 





11=2 


1 


2 


1 


2 


1 


2 


1 





n=3 


1 


2 


3 


1 


2 


1 




2 


1 


2 




3 









11=4 


1 


2 


3 


4 


1 


2 


1 


4 


3 


to 


1 


2 


3 




3 


4 


3 


2 


1 


4 


3 




1 





n=5 


1 


2 


3 


4 


■5 


1 


2 


1 


4 


3 




2 


1 


2 


3 


4 




3 


4 


3 


2 


1 




4 


3 


4 


1 


2 




5 













11=6 


1 


2 


3 


4 


5 


6 


1 


2 


1 


4 


3 


6 


5 


2 


1 


2 


3 


4 


5 




3 


4 


3 


2/6 


1/5 


4 


3 


4 


3 


4 


1/5 


2 


3 




5 


6 


5 


4 


3 


2 


1 


6 


5 




3 




1 





11=7 


1 


2 


3 


4 


5 


6 


7 


1 


2 


1 


4 


3 


6 


5 




2 


1 


2 


3 


4 


5 


6 




3 


4 


3 


2/6 


15 


4 


3 




4 


3 


4 


1/5 


2/6 


3 


4 




5 


6 


5 


4 


3 


2 


1 




6 


5 


6 


3 


4 


1 


2 




7 

















11=8 


1 


2 


3 


4 


5 


6 


7 


8 


1 


2 


1 


4 


3 


6 





8 


7 


2 


1 


2 


3 


4 


5 


6 


7 




3 


4 


3 


2/6 


1/5 


4/8 


3/7 


6 


5 


4 


3 


4 


1/5 


2/6 


3/7 


4 


5 




5 


6 


5 


4/8 


3/7 


2/6 


1/5 


4 


3 


6 


5 


6 


3/7 


4 


1/5 


2 


3 




7 


8 


7 


6 


5 


4 


3 


2 


1 


8 


7 




5 




3 




1 





9 



n=9 


1 


2 


3 


4 


5 


6 


7 


8 


9 


1 


2 


1 


4 




6 






7 




2 


1 


2 


3 


4 


5 


6 


7 


8 




3 


4 


3 


2/6 


1/5 


4/8 


3/7 


6 


5 




4 


3 


4 


1/5 


2/6 


3/7 


4/8 


5 


6 




5 


6 


■5 


4/8 


3/7 


2/6 


1/5 


4 


3 




6 


5 


6 


3/7 


4/8 


1/5 


2/6 


3 


4 




7 


8 


7 


6 


5 


4 


3 


2 


1 




8 


7 


8 


•5 


6 


3 


4 


1 


2 




9 





















n=10 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


1 


2 


1 


4 


3 


6 


5 


8 


7 


10 


9 


2 


1 


2 


3 


4 


5 


6 


7 


8 


9 




3 


4 


3 


2/6 


1/5 


4/8 


3/7 


6/10 


5/9 


8 


7 


4 


3 


4 


1/5 


2/6 


3/7 


4/8 


5/9 


6 


7 




5 


6 


5 


4/8 


3/7 


2/6/10 


1/5/9 


4/8 


3/7 


6 


5 


6 


5 


6 


3/7 


4/8 


1/5/9 


2/6 


3/7 


4 


5 




7 


8 


7 


6/10 


5/9 


4/8 


3/7 


2/6 


1/5 


4 


3 


8 


7 


8 


5/9 


6 


3/7 


4 


1/5 


2 


3 




9 


10 


9 


8 


7 


6 


5 


4 


3 


2 


1 


10 


9 




7 




5 




3 




1 





Tables are symmetric with respect to the main diagonal because 

k I Ik 

[u,v] = -[V, u]. 



11=1 


1 


1 






n=2 


1 


2 


1 







2 








n=3 


1 


to 


3 


1 — ^ 





3 


2 


to 


3 





1 


3 


2 


1 






{n = 1 


,2, 


...lo; 


: 


n=4 


1 


2 


3 


4 


1 





3 


2 




2 


3 


0/4 


1 


2 


3 


2 


1 







4 




2 








10 



n=o 


1 


2 


3 


4 


5 


1 





3 


2 


5 


4 


2 


3 


4 


1/5 


2 


3 


3 


2 


1/5 


0/4 


3 


2 


4 


5 


2 


3 





1 


5 


4 


3 


2 


1 






n=6 


1 


2 


3 


4 


5 


6 


1 





3 


2 


5 


4 




2 


3 


0/4 


1/5 


2/6 


3 


4 


3 


2 


1/5 


0/4 


3 


2 




4 


5 


2/6 


3 


0/4 


1 


2 


5 


4 


3 


2 


1 







6 




4 




2 








n=7 


1 


2 


3 


4 


5 


6 


7 


1 





3 


2 


5 


4 


7 


6 


2 


3 


0/4 


1/5 


2/6 


3/7 


4 


5 


3 


2 


1/5 


0/4 


13/7 


2/6 


5 


4 


4 


5 


2/6 


3/7 


0/4 


1/5 


2 


3 


5 


4 


3/7 


2/6 


1/5 


0/4 


3 


2 


6 


7 


4 


5 


2 


3 





1 


7 


6 


5 


4 


3 


2 


1 






11=8 


1 


2 


3 


4 


5 


6 


( 


8 


1 





3 


2 


5 


4 


7 


6 




2 


3 


0/4 


1/5 


2/6 


3/7 


4/8 


5 


6 


3 


2 


1/5 


0/4 


3/7 


2/6 


5 


4 




4 


5 


2/6 


3/7 


0/4/8 


1/5 


2/6 


3 


4 


5 


4 


3/7 


2/6 


1/5 


0/4 


3 


2 




6 


7 


4/8 


5 


2/6 


3 


0/4 


1 


2 


7 


6 


5 


4 


3 


2 


1 







8 




6 




4 




2 








n=9 


1 


2 


3 


4 


5 


6 


7 


8 


9 


1 





3 


2 


5 


4 


7 


6 


9 


8 


2 


3 


0/4 


1/5 


2/6 


3/7 


4/8 


5/9 


6 


7 


3 


2 


1/5 


0/4 


3/7 


2/6 


5/9 


4/8 


7 


6 


4 


5 


2/6 


3/7 


0/4/8 


1/5/9 


2/6 


3/7 


4 


5 


5 


4 


3/7 


2/6 


1/5/9 


0/4/8 


3/7 


2/6 


5 


4 


6 


7 


4/8 


5/9 


2/6 


3/7 


0/4 


1/5 


2 


3 


7 


6 


5/9 


4/8 


3/7 


2/6 


1/5 


0/4 


3 


2 


8 


9 


6 


7 


4 


5 


2 


3 





1 


9 


8 


7 


6 


5 


4 


3 


2 


1 
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n=10 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


1 

J. 


n 


•J 






4 


7 


6 


Q 


s 

O 




2 


•J 


0/4 


1/5 


2/6 


3/7 


4/8 
^/ ° 


5/9 


6/10 


7 




3 


2 


1/5 


0/4 




2/6 


5/9 


4/8 


7 


6 




4 


5 


2/6 


3/7 


0/4/8 


1/5/9 


2/6/10 


3/7 


4/8 


5 


6 


5 


4 


3/7 


2/6 


1/5/9 


0/4/8 


3/7 


2/6 


5 


4 




6 


7 


4/8 


5/9 


2/6/10 


3/7 


0/4/8 


1/5 


2/6 


3 


4 


7 


6 


5/9 


4/8 


3/7 


2/6 


1/5 


0/4 


3 


2 




8 


9 


6/10 


7 


4/8 


5 


2/6 


3 


0/4 


1 


2 


9 


8 


7 


6 


5 


4 


3 


2 


1 







10 




8 




6 




4 




2 








2 Subalgebras of the Lie algebra of pseudouni- 
tary group 

Consider the following set of Clifford algebra elements 

Wa{v. q) = {U e a{p, q):U*U = e}, 
where * is the operation of Clifford conjugation [4] with properties 

e* = e, {e'^'e"^ ...e""')* = e""" ...e''\ (A)* = A, 

A is a complex number and A is the conjugated complex number. This set 
forms a (Lie) group with respect to the Clifford product and this group is 
called the pseudounitary group of Clifford algebra CE{p, q) . 

The set of elements with the commutator [U, V] = UV — VU 

wCi{p, q) = {u E Cl{p, q) : u* = —u] 

is the Lie algebra of the Lie group WCI{p, q). 

From this definition and from the definition of Clifford conjugation it 
follows that an arbitrary element of this Lie algebra has the form 

1 2 3 4 5 n 

U = I U +1 U + U + U +1 U +1 U + . . . + Qn U, 

i.e. 

n 

12 



where 

r 1, A: = 2,3,6,7,...; 
\ ^ = 0,1,4,5,..., 

and Cif{p, q)- By (^"^(p, g) we denote the real Clifford algebra. 

We want to find direct sums of vector spaces akCfJ^ip, q) such that they 
form a Lie algebra (closed with respect to the commutator). 

Theorem 3. Let p + q = n. The following 12 types of direct sums of 

k 

vector spaces u are closed with respect to the commutator and, hence, form 
subalgebras of Lie algebra wCi{p, q): 

1 ) for n> 1: 

. 

I u; 



2) forn> 1: 

n 

an u; 



3) for n > 2; 

1 2 

i u + u; 



4) for n>3 (ifn — 2 it is the same as item 2): 



2 



5) for n > 4 (if n = 2,3 it is the same as item 3): 



.12 n 

iu + u + ... + anU 



for even n, 



for odd n; 



6) for n > 4; 



7) for n > 5; 

2 n-2 

u +a„_2 u ; 



13 



1 2 n-1 

I u + u + . . . + a„_i u 



2 



n-l 

1 u ; 



8) for n > 6 (ifn — 5 it is the same as item 5): 

1 2 n-2 n-1 

ZU + U +0„_2 u +a„_i U 

for odd n , 

. 1 2 n-1 n 

for even n; 

9) for n > 6 (if n = 2,3 it is the same as item 4, if n = A it is the same as 

item 6, ifn — 5 it is the same as item 7): 

2 3 6 7 10 11 k 
U + U + U + U+ U + U+ ...+ U 

for n — k + l,k + 2 for odd k and n — k, k + 1 for even k; 

10) for n >7 (if n = 3, 4 it is the same as item 4, ifn = 5 it is the same as 
item 6, ifn — 6 it is the same as item 7): 

2 4 6 8 10 12 k 

u+iu + u+iu+u+iu+... + akU 
forn^k + l,k + 2; 

11) for n > 8 (ifn = 2, 3, 4, 5 it is the same as item 3, if n = 6,7 it is the 
same as item 8): 

. 1 2 . 5 6 . 9 10 k 
IU + U+IU + U+IU + U + . . . + ttk u 

for n = k,k + l,k + 2,k + 3 for even k; 

12) for n > 9 (ifn = 3, 4, 5, 6 it is the same as item 4, ifn = 7 it is the same 

as item 6, ifn = 8 it is the same as item 7): 

2 6 10 14 18 22 k 
U + U+ U + U + U + U+ ...+ U 

forn = k + l,k + 2,k + 3,k + 4:. 

n 

We can add i u to any of these subalgebras. We can add an u to all types 
of subalgebras for odd n. Also \ye can add an u to subalgebras that con- 
sist of elements of even ranks for even n. (In these cases we get reducible 
subalgebras.) 
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7 J 

Proof. Denote by ^jlf,^ u the arbitrary element of the subspace Cibiip, 

ip,q) ® ■ ■ ■ ® Cibk (Pi Q) ■ This subspace form a subalgebra if [XI jL6i ^ 

, Y^j=hi ^] '^^^ written as X^^lbi ^- That means [m, f] can be written as 

Y.%hi ^ for all s, t = 61, 62, • • • , &fc- 

With the aid of Theorem 1 the proof of this theorem is straightforward. 

We have the analogous theorem for Lie subalgebras of real or complex 
Clifford algebra: 

Theorem 4. Consider the ClifFord algebra C£{p, q) as an Lie algebra closed 
with respect to the commutator [U, V] — UV — VU. Then the following 12 
types of subspaces form Lie subalgebras of real (or complex) Clifford algebra 
a{p,q): 

1 ) for n> 1: 



u; 

2) forn> 1; 

n 

u; 

3) for n > 2: 

1 2 
u + U] 

4) for n > 3 (ifn — 2 it is the same as item 2): 

2 

u; 



5) for n> A (if n — 2,3 it is the same as item 3): 

12 n 

u + u + . . . + u 

for even n, 

1 2 n-l 

u + u + . . .+ u 

for odd n; 

6) for n > 4; 

2 n-l 

u + u ; 
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7) forn> 5; 

2 n-2 

u + u ; 

8) for n > 6 (ifn — 5 it is the same as item 5): 

1 2 n-2 n-l 
U + U + U + M 



for odd n 



for even n; 



1 2 n-l n 
W + W + U + U 



9) for n > 6 (if n = 2,3 it is the same as item 4, if n = A it is the same as 
item 6, ifn — 5 it is the same as item 7): 



2 3 6 7 10 11 k 
U + U + U + U+ U + U+ ...+ U 



for n — k + l,k + 2 for odd k and n — k, k + 1 for even k; 

10) for n >7 (if n — 3,4: it is the same as item 4, ifn — 5 it is the same as 
item 6, ifn — 6 it is the same as item 7): 

2 4 6 8 10 12 k 
U + U + U + U+ U + U+ ...+ U 

forn^k + l,k + 2; 

11) for n > 8 (ifn — 2, 3, 4, 5 it is the same as item 3, if n — 6,7 it is the 
same as item 8): 

1 2 5 6 9 10 k 
U + U + U + U + U+ U+ ...+ U 

for n = k,k + l,k + 2,k + 3 for even k; 

12) for n > 9 (ifn = 3, 4, 5, 6 it is the same as item 4, ifn — 7 it is the same 

as item 6, ifn = 8 it is the same as item 7): 

2 6 10 14 18 22 k 
U + U+ U + U + U + U+ ...+ U 

forn = k + l,k + 2,k + 3,k + 4:. 

n 

We can add u to any of these subalgebras. We can add u to all types of sub- 
algebras for odd n. Also we can add u to subalgebras that consist of elements 
of even ranks for even n. (In these cases we get reducible subalgebras.) 
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Proof. If we replace by 1 in the proof of Theorem 3, we obtain the proof 
of this theorem. • 

Let's write down all subalgebras of the Lie algebra of pseudounitary group 
of Clifford algebra for the dimensions n=l. 2, . . . 10. We are interested only 
in Lie algebras that are direct sums of elements of different ranks. If we 
replace by 1, we will get Lie subalgebras of Clifford algebra. 

For n=l: 
1) I u^2) I u. 
For n=2: 

,0,2,1 2 

1) z M, 2) ti, 3) z It + u. 
For n=3: 

,0,3,1 2,2 

1) z u, 2) u, 3) z It + w, 4) u. 
For n=4: 

^, . ^, . 4 . 1 2 ^, 2 ^, . 1 2 3 . 4 ^, 2 3 

1) I u, 2) I 6] I u + A) b) I u + u + u +1 Q) u + u. 
For 11=5: 

,0,5,1 2,2,1 2 3 4,2 4,2 3 

1) z It, 2) z It, 3) z w + It, 4) It, 5) z w + It + M +z tt, 6) M +z u, 7) u + u. 
For n=6: 

. ^, 6 . 1 2 ^, 2 ^, . 1 2 3 .4 .5 6 ^, 2 . 5 „, 

1) z M, 2) M, 3) z M + ti, 4) M, 5) z M + M + w +z M +z w + tt, 6) u +z u, 7) 

2 .4^, .1 2 .5 6^, 2 3 6 
U +1 U, I U -\- U U -\- U -\- U -\- U. 

For n=7: 

^, . ^, 7 . 1 2 ^, 2 ^, . 1 2 3 .4 .5 6 ^, 2 6 „, 

1) z -u, 2) M, 3) z w + w, 4) u, 5) z tt + M + tt +z w +z w + 6) M + M, 7) 

2.5,.l 2.5 6,2 3 6 ,2.4 6 
IZ +Z M, 8) Z M + It +Z It + M, 9) M + It + U, 10) M +Z M + It. 

For n=8: 

^, . ^, . 8 „, . 1 2 2 ^, . 1 2 3 .4 .5 6 7 . 8 „, 

1) z zi, 2) z zz, 3) z M + zz, 4) -u, 5) z zz + zi + zz +z zz +z zz + -u + zi +z zz, 6) 

2 7„, 2 6„, .1 2 7 .8^, 2 3 6 7^„, 2 .4 6^^, 

zz + zt, 7) zz + zi, 8) z zx + zt + zx +z zt, 9) zz + zx + zt + zt, 10) zz +z zt + zx, 11) 

12 5 6 

z zz + zz +z zz + zz. 
For n=9: 

,.0 ,.9 ,,1 2^, 2 ,.1 2 3 .4 .5 6 7 .8 
1) Z ZZ, 2) Z ZZ, 3) Z ZZ + ZZ, 4) ZV,, o) Z zz + zz + Zi +Z ZV, +Z Zi + zz + ZV, +Z ZZ, 

,2.8_,, 2 7,.l 2 7.8,2 3 6 7 , 

6) ZZ +z ZZ, 7) ZZ + zt, 8) z ZZ + ZZ + ZZ +z zt, 9) zi + zt + zt + zi, 10) 

2 46 8 ,12 56 ,26 
Zt +Z Zt + Zt +Z Zt, 11) I U + U +1 U + 12) Zt + Zt. 

For n=10: 

, . ^, 10 „, . 1 2 ^, 2 ^, . 1 2 3 .4 .5 6 7 .8 

1) z Zt, 2) Zt, 3) z Zt + Zt, 4) Zt, 5) z Zt + zx + zx +z Zt +z zx + zx + zx +z Zt 

.9 10, 2 .9„, 2 .8 ,.1 2 .9 10 , 2 3 6 7 10 

+z zx + Zt, 6) Zt +z zx, 7) Zt +z Zt, 8) z Zt + zx +z Zt + Zt, 9) Zt + Zt + Zt + zx + Zt, 

,2 .4 6 .8 ,.1 2 .5 6 .9 10 ,2 6 
10) Zt +Z Zt + Zt +Z Zt, 11) Z ZX + ZX +Z ZX + Zt +Z Zt + Zt, 12) Zt + zt. 
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We can add i u to any of these subalgebras. We can add a„ u to all types 
of subalgebras for odd n. Also we can add a„ u to subalgebras that consist 
of elements of even ranks for even n. We have reducible subalgebras in these 
cases. 
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